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A procedure for numerical solution of the time-dependent, incompressible Navier—
Stokes equations for the flow about arbitrarily shaped two-dimensional bodies is given.
This solution is based on a technique of automatic numerical generation of a curvilinear
coordinate system having a coordinate line coincident with the body contour regardless of
its shape. The implicit solution utilizes the vorticity-stream function formulation with a
false-position iterative adjustment of the surface vorticity in satisfaction of the no-slip
boundary condition. All field equations are approximated using central differences and are
solved simultaneously at each time step by SOR iteration. Excellent agreement with the
Blasius boundary layer solution is obtained for a semi-infinite flat plate. Results are pre-
sented for Reynolds numbers up to 2000 for several airfoils and a cambered rock. A potential
flow solution based on the same coordinate systems is also given, and excellent agreement
with analytic solutions for Karman-Trefftz airfoils is shown.

1. INTRODUCTION

It is imperative in numerical solution of the Navier-Stokes equations that the
boundary conditions be represented accurately in the finite-difference formulation,
for the region in the immediate vicinity of solid surfaces is generally dominant in
determining the character of the flow. The pressure and forces on solid bodies are
directly dependent on the large gradients that prevail in this region near the surface,
and accurate pressure and force coefficients require that these large gradients be
represented accurately. This problem is accentuated at higher Reynolds numbers
as the gradients become more severe.

Therefore, almost all numerical solutions of the Navier-Stokes equations generated
to date have treated bodies for which a natural coordinate system is available, circles,
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ellipses, spheres, Joukowski airfoils, and so forth. (Natural coordinate systems as
defined here are those for which the body contour under consideration coincides with
a constant coordinate line.) Mehta and Lavan [1] have given a solution about a
modified Joukowski airfoil accomplished by generating a coordinate system with a
conformal Joukowski transformation and solving the Navier-Stokes equations on the
system. The basic Joukowksi transformation was modified somewhat by rounding
the trailing edge and contracting the coordinates near the body. The method is
limited to those bodies which can be generated by the Joukowski transformation
(symmetric and cambered Joukowski airfoils, flat plates, and circular and elliptic
cylinders, etc.).

Arbitrary two-dimensional bodies have not been successfully attacked as yet,
primarily because of the difficulty of accurate representation of the boundary con-
ditions and the large gradients near solid surfaces when no coordinate line is coincident
with the body contour. Some solutions have been attempted with interpolation
between grid points for boundaries not coincident with coordinate lines, but this
necessarily introduces irregularity into an otherwise smooth boundary and places
the most inaccurate difference representation in precisely the region of greatest
sensitivity, Dawson and Marcus [2] attempted to create a method for general bodies
by the use of two uniform rectangular grids: a fine inner grid surrounding the body and
extending for perhaps one characteristic body dimension, and a coarse outer grid
surrounding the inner grid and extending outward for perhaps 10 to 12 body diameters.
The two grids overlap to allow for accurate transition between the two mesh systems.
Only a circular cylinder solution was attempted, and this solution was restricted to
small Reynolds numbers (R < 1000) because of boundary instabilities.

Recently, Meyder [3] presented a solution for the flow in a rod bundle using
orthogonal curvilinear coordinates generated by solving for the potential and “force”
lines in a simply-connected region and taking these as the coordinate lines. The
solution for the curvilinear coordinates was done, however, on a rectangular grid
using interpolation. Finally, Gal-Chen and Somerville [4, 5] have given a generalized
formulation of the Navier-Stokes equations for a nonorthogonal coordinate system
and developed a numerical solution for the flow in a simply-connected region having
an irregular boundary, with application to the flow over mountainous terrain.

Numerical incompressible potential flow solutions for bodies of arbitrary shape
have generally fallen into three categories.

(1) Integral equation methods, whereby various singular solutions of Laplace’s
equation are superposed to construct a solution satisfying the boundary conditions
of the particular problem of interest. This type of aproach is represented by the work
in Refs. [6-12]. In these methods singular solutions of Laplace’s equation are distri-
buted on the body surface, and perhaps also in its interior, with the body surface
represented by quadralateral or triangular panels. The strengths of the singularities
are then determined such that the superposition of the onset velocity field and that
induced by the totality of the singularities satisfies the condition of vanishing normal
velocity at the body surface at certain points. This approach has been carried to a high
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degree of refinement and is presently capable of treating the flow about multiple
bodies of arbitrary shape. This procedure obviates calculation in the entire flow field
and involves instead the solution of a matrix equation of order equal to the number of
points of application of the boundary condition on the bodies. The primary output is
the surface pressure distribution on the bodies and the resulting aerodynamic
coefficients. The velocity field can also be obtained, but this requires the evaluation
of the velocity at each point in the field from a summation over all the singularities
involved, a time consuming process. The determination of streamlines, or equivalently
the stream function, from the velocity field is still another numerical problem itself.

(2) Finite element methods, as represented by Refs. [13-15]. Here the calcu-
lation is carried out in the entire flow field, the field being divided into finite elements,
The flow solution is obtained by applying an integral variational principle, or other
integral relations, over the aggregate of elements, which leads to a matrix solution
of order equal to the total number of elements in the field. The solution is thus obtained
in the entire flow field. However, not all derivatives can be made continuous across
the boundaries between the various elements.

(3) Conformal transformation, whereby the field is transformed to one of simple
geometry on which the solution is known (two-dimensional flow only). The classic
Theodorsen method [16] is one of this type. A comparative discussion of earlier
applications of this and other procedures is given in [6]. Recently Ives [17] has extended
this approach to multiple bodies.

Finite-difference solutions have been severly hindered in the past by the problem of
fitting curved boundaries into the computational grid. The use of interpolation between
grid points to represent boundary conditions on a curved boundary passing through a
rectangular grid may lead to poor application of the boundary conditions. Since
finite-difference solutions depend on continuity of derivatives, the distribution of
points at will in the field leads to difference expressions involving large numbers of
points, loss of repeat patterns over the field, and hence unreasonably complex
computer codes.

However, if a curvilinear coordinate system with coordinate lines coincident with
the field boundaries can be found, these problems vanish, and the finite-difference
approach can give very smooth solutions that do not lack continuity of derivatives.
The flow solutions reported herein are based on just such an approach.

The automatic numerical generation of a general curvilinear coordinate system
with coordinate lines coincident with all boundaries of a general multiconnected
region containing any number of arbitrarily shaped bodies should alleviate the
problem of arbitrary bodies with these and other partial differential systems [18].
In this procedure, the curvilinear coordinates are generated as the solution of two
elliptic partial differential equations with Dirichlet boundary conditions, one
coordinate being specified to be constant on each of the boundaries, and a distribution
of the other being specified along the boundaries. This general idea has been applied
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previously to two-dimensional regions interior to a closed boundary (simply-
connected regions) by Winslow [19], Barfield [20], Chu [21], Amsden and Hirt [22],
and Godunov and Prokopov [23]. Winslow [19] and Chu [21] took the transformed
coordinates to be solutions of Laplace’s equation in the physical plane which, as is
shown in the next section, makes the physical cartesian coordinates solutions of a
quasi-linear elliptic system in the transformed plane. Barfield [20] and Amsden and
Hirt [22] reversed the procedure, taking the physical coordinates to be solutions in
the transformed plane of a linear elliptic system which consists of Laplace’s equation
modified by a multiplicative constant on one term. This makes the transformed
coordinates solutions of a quasi-linear elliptic system in the physical plane. Barfield
also considered a hyperbolic system, but such a system cannot be used to treat general
closed boundaries, since only elliptic systems allow specification of boundary
conditions on the entirety of closed boundaries. Stadius [24] also used a hyperbolic
system to generate a coordinate system for a doubly-connected region having parallel
inner and outer boundaries. With parallel boundaries it is only necessary to specify
conditions on one of the boundaries, the location of the other boundary being free.
The elliptic system, however, allows all boundaries to be specified as desired and thus
has much greater flexibility.

Amsden and Hirt [22] constructed the coordinate generation method by iterative
weighted averaging of the values of the physical coordinates at fixed points in the
transformed plane in terms of values at nieghboring points. Although not stated as
such, this procedure is precisely equivalent to solving Laplace’s equation, or modifi-
cation thereof of the form noted above in Barfield [20], for the physical coordinates
in the transformed plane by Gauss—Seidel iteration. Amsden and Hirt also allowed
the boundary to move at each iteration, but this is simply equivalent to approaching
the solution of the boundary-value problem through a succession of boundary-value
problems converging to the problem of interest. In the approach of Godunov and
Prokopov [23] the elliptic system is quasi-linear in both the physical and transformed
planes. These authors applied a second transformation to that used by Chu [21], the
transformation functions of this latter transformation being chosen a priori to control
the coordinate spacing. Though not stated as such, the overall transformation may be
shown to be generated by taking the transformed coordinates to be solutions in the
physical plane of Laplace’s equation modified by the addition of a multiple of the
square of the Jacobian, the multiplicative factors being a priori chosen functions of
the physical coordinates.

Meyder [3] generated an orthogonal curvilinear system by solving for the potential
and “force” lines in a simply-connected region and taking these as the coordinate lines.
This amounts to making the curvilinear coordinates solutions of Laplace equations
in the physical plane with Dirichlet boundary conditions (constant) on part of the
boundary and Neumann boundary conditions (vanishing normal derivative) on the
remainder. The solution for the coordinates was done, however, in the physical plane
on a rectangular grid using interpolation at the curved boundaries, rather than in the
transformed plane.

In the present research, the technique of generating the transformed coordinates as
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solutions of an elliptic differential system in the physical plane has been applied to
multiconnected regions with any number of arbitrarily shaped bodies (or holes).
The elliptic equations for the coordinates are solved in finite-difference approximation
by successive overrelaxation (SOR) iteration. Coordinate lines may be concentrated
as desired along the boundaries. Spacing of the coordinate lines encircling the body
may be controlled by adjusting parameters in the partial differential equations for
the coordinates.

Regardless of the shape and number of the bodies and regardless of the spacing
of the curvilinear coordinate lines, all numerical computations, both to generate the
coordinate system and subsequently to solve partial differential equaitons on the
coordinate system, are done on a rectangular grid with a square mesh, that is, in the
transformed plane. It is also possible to cause the coordinateysystem to change in time
as desired and still have all computation done on a fixed rectangular grid with square
mesh. This allows the curvilinear coordinate system in the physical plane to deform
with a deforming body, blast front, shock, free surface, or any other boundary,
keeping a coordinate line always coincident with the boundary at all times. The
physical coordinate system has been in effect, eliminated from the problem, at the
expense of adding two elliptic equations to the original system.

Since the curvilinear coordinate system has coordinate lines coincident with the
surface contours of all bodies present, all boundary conditions may be expressed
at grid points. Also, normal derivatives on the bodies may be represented by using
only finite differences between grid points on coordinate lines, without need of any
interpolation, even though the coordinate system is not orthogonal at the boundary.
Numerical solutions for the lifting and nonlifting potential flow about Karman-Trefftz
airfoils obtained with this coordinate system generation show excellent comparison
with the analytic solutions.

This method of automatic body-fitted curvilinear coordinate generation has been
used to construct a finite-difference solution of the full, incompressible, time-dependent
Navier-Stokes equations for the laminar viscous flow about arbitrary two-dimensional
airfoils or any other two-dimensional body [25]. The Navier-Stokes equations are
written in the vorticity-stream function formulation, with the vorticity on the body
being determined by a type of false-position iteration so that the no-slip boundary
condition is satisfied. The solution is implicit in time, the vorticity and the stream
function equations being solved simultaneously at each time step by SOR iteration.
A method of controlling the spacing of the coordinate lines encircling the body has
been developed in order to treat high Reynolds number flow, since the coordinate
lines must concentrate near the surface to'a greater degree as the Reynolds number
increases. The solution is designed to provide the velocity field, the surface pressure
distribution, and the lift, drag, and moment coefficients. Initial application to multiple
airfoils has also been made [26]. Results are given for separated flow over several
airfoils and an arbitrary rock. A comparison with the Blasius flat plate boundary
layer solution is also given.
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2. BoDY-FITTED COORDINATE SYSTEMS

A. Mathematical Development

The basic approach of constructing body-fitted curvilinear coordinates in general
multiconnected regions as the solution of an elliptic boundary-value problem has been
covered by the authors in previous publications [18, 25, 28]. A detailed report of the
technique, together with examples, the computer code, and a users’ manual, is now
available [28]. The technique of application to the numerical solution of partial
differential equations is also illustrated therein.

Consider transforming the two-dimensional, doubly-connected region D, bounded
by two, simple, closed, arbitrary contours, Iy and I, onto a rectangular region, D¥*,
as illustrated in Fig. 1. We require that I'; map onto I *, I'; onto I',*, I'; onto I'3*,
and I', onto I'y*. Note that I',* and I',* are required to be constant 7-lines, while
the arbitrary cut between contours I'y and I', (i.e., Iy and I'y) becomes constant

Physical Plane

Ty

r Region D*

I R S O

n=n;

Transformed Plane

Fic. 1. Field transformation—Single body.
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£-lines. The region D is the physical plane, D* the transformed plane, I'; the body
contour, and I'; the remote boundary contour.

As discussed previously, the curvilinear coordinates are generated by solving an
elliptic system of the form

fa:a: -+ gvv == P(§, 77), (la)
Naw + Nyy = Q(fa 7])9 (lb)

with Dirichlet boundary conditions, one coordinate being specified to be equal to a
constant on the body and equal to another constant on the outer boundary, with the
other coordinate varying monotonically over the same range around both the body
and the outer boundary. (See [25, 27], or [28] for more detail.)

Since it is desired to perform all numerical computations in the uniform rectangular
transformed plane, the dependent and independent variables must be interchanged in
Eq. (1). This results in the coupled system (see [28] for the transformation relations)

aXee — 2BXen + YXpm = —JxP(E, m) + x,0(6, M), (2a)
Wee — 2BVen + VY = —THpeP(E, 1) + 3,06, M), (2b)
where
a = X2 + 3%, y = X& + yé,

:B = XeXn + YeVn J:xéy'n—xnyé,

The system described by Eq. (2) is a quasi-linear elliptic system for the coordinate
functions x(¢, ) and y(¢, n) in the transformed plane. This set is considerably more
complex than the linear system specified by Eq. (1), but the boundary conditions are
specified on straight boundaries, and the coordinate spacing in the transformed plane
is uniform. The inhomogeneous functions P(§, n) and Q(£, n) are sums of decaying
exponentials [28] that allow coordinate lines to be attracted to specified lines and/or
points in the field or on the boundaries as discussed in more detail in [28].

The method can also be applied to regions containing any number of arbitrary
bodies and to regions with time-dependent boundaries. Discussions of these techniques
are given in [26-28].

B. Numerical Implementation

The transformed field for a single airfoil is illustrated in Fig. 2. The physical
coordinates of I points describing the body surface, (x, y), provide the boundary
conditions along the j = 1 line, and those of I points on the physical remote boundary,
usually a circle of radius ten or more chords, supply the boundary conditions along the
j = Jline of the transformed field. Since the side boundaries of the transformed field
are reentrant, corresponding to the cut in the physical plane, we have f; ; = f; ; and
Ji1.s = fo.; for all j. Note that the values of x and y are not specified on these side
boundaries. All derivatives in (2) are approximated by second-order central difference
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=7

-+

Fic. 2. Computational grid.

expressions (4¢ and 4x are both unity by construction, the actual values of £ and 9
being immaterial since cancellation occurs after substitution in the transformed
equations).

(f)s; = ¥ fias — ficr9)s
(fo)i =2 3(fii — fiim0)s
(fe)is =2 fins — 2fus + firss

(fomdis 22 fr51 — 25 + fria1s
(fendis = H o150 — firrima — firin +Jficniz)

The resulting set of 2I(J — 1) nonlinear difference equations, two for each point (7, j)
fori =1,2,...,1—~1and J =2, 3,...,J — 1, are solved by accelerated Gauss—Seidel
(SOR) iteration using overrelaxation. The iteration is considered to have converged
when the maximum absolute change on the field between iterates is less than a
specified value. A range of acceleration parameters was examined, and a value of 1.85
was nearly optimum for the airfoils considered. After convergence of the solution of
(2), the values of the coefficients «, B, v, J, at each point of the field are stored for use
in the solution of the partial differential equations.

3, NAVIER-STOKES EQUATIONS

A. Mathematical Formulation

1. Basic equations. The stream function-vorticity formulation of the two-
dimensional, incompressible viscous flow equations is given by

w; + ‘)l’ﬂwm - ‘/’zwy = (Wgr + ww)/R’ (33)
‘l’m‘ + ‘/’w = W, (Bb)
where ¢ is the nondimensional stream function, w the nondimensional vorticity,

and R is the Reynolds number based on the characteristic velocity (freestream value)
and body length. The set (3) is in the nonconservative formulation. Equations (3)
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may be transformed utilizing the operations given in [28], yielding the set applicable
in the rectangular transformed plane. The transformed equations are

w; + (‘/’nwe - ‘/’Ewn)/-] = (awge — 2/3w§,, + ywu)[JPR + (an + Pwg)[R, (4a)

(06!,[‘55 - 2:3¢§n + ‘Y‘/Jnn)/‘lz + Ql/’n + P‘l‘f = —uw, (4b)
with boundary conditions
Y =y = constant, Y% [J =0, [£ e V¥ (4c)

‘/J = y(fa 7’2) cos 0 - x(é, 7]2) Sin 0’ w = 09 [gs 1’2] € P2*9 (4d)

where 0 is the angle of attack. The second of (4¢) guarantees that the no-slip condition
is satisfied on the body surface. The satisfaction of this condition is accomplished by
iteratively adjusting the value of the vorticity on the body surface, utilizing a false-
position procedure, until the second-order forward difference approximation to the
velocity component tangential to the body surface, Ve, = yH*4),|J, is below some
tolerance. The iterative algorithm is given by

(%) (1)
(x)

(k+1) (%) Wiy — Wiy
wi,1+1 =w;; — 9 i :kl) — (I; =17 (an)f:l &)
Ty 7,1 Ty i,1

where k denotes iteration count, 6 an adjustable parameter, and (i, 1) refers to some
point on the body surface. This method is an extension of an approach suggested by
Israeli [29].

2. Pressure coefficients. Pressure coefficients on the body surface are obtained by
the line integral method as follows. If the primitive variable form of the Navier-Stokes
equations is evaluated on the body surface, the velocity time derivative and the inertia
terms vanish yielding

VP = V2V|R (6)

where the quantities are nondimensional in the usual fashion. Using a vector identity
to eliminate the Laplacian of the velocity, dotting this equation with dr (an arc length
differential along the body contour I), and transforming produces

dP = (1/RI)(Bwe — yo,) d, ™

Integration along the transformed body contour, I'}*, yields
£
Co*(O) = PO) ~ Prs. = (R) | (117)Buog — yeur) ' ®
T.E.

3. Force coefficients. 1f body forces are neglected, the force on a body immersed
in a moving viscous fluid is determined by integrating the stress vector, T, over the
body surface

F=C4d+ C,,jzfsTdS
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where S is the body surface. Substituting for T [30], and using the transformations
given in [28],

Errax fn.ax
Cp=2 f (yscos 8 — x;sin 0) C,* df — 2f (ye sin 8 - x, cos O)(w/R) d¢,

fmin {min
(%9a)
el’l ax fn,ax
C,= —2f (x;cos 8 + yesin 0) C,* d€ + 2f (x¢ sin 8 — y, cos O)(w/R) d¢.
fmin €min
(9b)

The two integrals in (9a) are referred to as the pressure and friction drag coefficients
and are denoted Cp, and Cp,, respectively.

B. Numerical Produres

1. Difference equations. The basic equations (4a), (4b) with boundary conditions
(4¢), (4d), and (5) were solved numerically with the fully implicit, backward-time,
central-space formulation (BTCS). A two-point, first-order backward difference was
used to approximate the time derivative, while second-order central differences were
employed for the spatial derivatives. Point SOR iteration was employed to converge
the elliptic space variation of Egs. (4). The integration in Egs. (8) and (9) was
performed with the trapezoidal rule. Derivatives appearing in these relations were
calculated using second-order forward (n-derivatives) or central (£-derivatives)
approximations.

2, Convergence acceleration. Special procedures were used to evaluate the rela-
xation factors for both the stream function and vorticity transport equations. If the
cross derivative terms in (4a), (4b) are neglected (B is generally small), it is possible
to calculate optimum SOR acceleration parameters at each point of the computational
net [28]. Since the -equation is linear, the optimum parameter is constant over the
mesh and was found to be about 1.85. However, the vorticity equation is quasi-linear,
and thus the optimum parameter should vary over the field. In particular since the
Y, and i, derivatives are small near the body, Eq. (4a) assumes a Poisson character
in this region. Poisson equations characteristically have optimum relaxation factors
greater than unity. Conversely, as the radial distance from the body increases, the
viscous diffusion terms become negligible and the convection terms dominate.
Under these conditions a parameter less than unity is optimum for the w-equation.
The above discussion indicates the feasibility of varying the vorticity equation
acceleration parameter over the computational field. This approach was tried with
some success with the Karman-Trefftz airfoils. For these bodies it was found that
the optimum parameter varied linearly with n from a value of 1.4 immediately
adjacent to the body to a value of 0.9 at the twentieth n-line. Parameters in the
remainder of field were essentially constant with a value of 0.9 for the Reynolds
numbers considered.
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3. Stability. Although the stability of the implicit BTCS method for linear
parabolic equations is unlimited, this is not the case with nonlinear difference
equations. However, such approaches do significantly broaden the available time step
envelope. The solutions documented in the current paper utilized small time steps
(4t = O(2/R)) in the initial phases to damp the effects of the impulsive start. Time
steps were subsequently increased to values of the order of 10/R to 20/R without
significant increases in the number of iterations required to converge each step.

4. Computer time. All solutions were run on the UNIVAC 1106 system. It is
difficult, if not impossible, to draw any consistent and general conclusions regarding
the computer time requirements of the viscous flow solutions. Problem variables
having significant impact on computation time include angle of attack, Reynolds
number, time step, computational method, convergence criteria, field size, and body
geometry. As an indication of how difficult it is to develop a correlation of CPU
requirements based on the above-stated variables, consider a comparison of the flapped
Karman-Trefftz and Géttingen 625 airfoil solutions. Although the Gottingen
solution was run at ten times the Reynolds number with a field size 129 larger,
the time required to converge a comparable-sized time step was roughly one-half
of that required for the flapped Karman-Trefftz airfoil. Convergence of this latter
solution was slowed by difficulties with the boundary vorticity iteration near the
airfoil trailing edge. However, on the average, the airfoil and rock solutions required
approximately 4 min per time step for nominal field sizes of 4000. For the compu-
tational methods used, improved CPU times would result primarily from an improved
numerical algorithm for the body vorticity calculations.

C. Results

Viscous flows about a finite flat plate and five different bodies were calculated using
the numerical procedures outlined above [25]. These bodies included a circular
cylinder, cambered and flapped Karman-Trefftz airfoils, a Géttingen 625 airfoil,
and the Cambered Rock. Reynolds numbers of the flows about the bodies ranged
from 200 to 2000 at angles of attack from 0 to 15 degrees. The results of these numerical
flow simulations are summarized below.

1. Semi-infinite flat plate solution. This numerical solution of the full Navier—
Stokes equations was applied to the development of the flow over a semi-infinite flat
plate [31] in order to test the use of the boundary-fitted coordinate systems for viscous
flow solutions. All quantities are nondimensionalized with respect to the freestream
velocity and unit length. The Reynolds number, R, is defined in terms of these reference
values. The transformation from the physical to the transformed field is indicated
schematically in Fig. 3. The coordinate system was generated as the solution of (2)
with boundary conditions as follows:

on a'b’ (plate surface): x = specified as desired, y = 0.

on a’'c’ (upper boundary): x = specified as desired, y = 10(x/R)/2.

on b'¢’ (downstream boundary): x = constant, y = specified as desired.
on a’'a’ (leading edge): x =y = 0.
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Physical Field
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Fic. 3. Relation between physical and transformed fields—Semi-infinite flat plate.

The condition on y on the upper boundary, a’c’, places this boundary at twice
the Blasius boundary layer thickness [32]. The downstream boundary was located
at multiples of the distance at which the slope of the Blasius boundary layer is 0.01.

The boundary conditions for the Navier—Stokes equations in the transformed plane
are as follows:

on a'b’ (plate surface): ¢ = ¢, = 0 (v = u = 0, no-slip condition).

on a'c’ (upper boundary): ¢, = (1/x)J +x3), @« =0 w=1, w=0,
freestream conditions).

on b'c’ (downstream boundary):

J-ylﬂ(t/m‘/2

b = 2t/ R erf 7 dn,

0
w = —(Rfmt)'/? exp(—(Ry?/41)) (infinite plate solution, Schlichting [32])
on a'a’ (leading edge): ¢ —= w = 0.

The condition on the downstream boundary, b'c’, is the exact solution of the
Navier-Stokes equations for a suddenly accelerated fully infinite flat plate. The
numerical quadrature was done by trapezoidal integration. The condition on i,
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on the upper boundary expresses # = 1, the freestream velocity. All these boundary
conditions were implemented directly except the i, = 0 condition on the plate, a'b’,
which was satisfied by adjusting the value of the vorticity at each point on the body
by the false-position iteration procedure discussed above.

The coordinate system used for the semi-infinite plate, shown in Fig. 4 has a
curved boundary located at twice the Blasius boundary layer thickness above the plate,
with coordinate lines coming to a point at the leading edge. This form was chosen in
preference to systems with rectangular boundaries in order to concentrate the
coordinate lines near the plate to a greater degree as the Reynolds number increases
and also to ensure a test of a representative nonorthogonal curvilinear system.
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Fic. 4. Coordinate system—Semi-infinite flat plate.

Velocity profiles obtained using this coordinate system are shown in Fig. 5 and
compared therein with the Blasius boundary layer solution (Schlichting [32]).
(Positions are given in fractions of the distance to the downstream boundary.) Since
the downstream boundary condition was the time-dependent solution for the com-
pletely infinite plate, for which the boundary layer thickness increases without bound
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as time increases, the agreement with the Blasius solution deteriorates as expected

ac thic hanndarv ic annrnachad (mncitinn 1 N in thece fionred) The lace af law in tha

profile that occurs upstream of this boundary. '1'he agreement with the Blasius profile
in regions farther removed from the downstream boundary is good. Note that the
profiles upstream cling to the Blasius as the downstream profile moves away.

Coordinate system control was used to cause the system to expand down the plate.
The agreement with the Blasius solution extends very near the leading edge, since the
coordinate lines are more closely spaced near the leading edge. With the Blasius
boundary layer solution as the downstream boundary condition the problem becomes
a steady-state problem, and the agreement with the boundary layer solution is
excellent, except at the first few steps near the leading edge [31].

2. Gottingen 625 airfoil. The body-fitted coordinate system used in this solution
is illustrated in Fig. 6. The flow Reynolds number was taken as 2000 at an angle of
attack of 5 degrees. Stream function contours are illustrated shortly after the impulsive
start in Fig. 7a. The starting vortex appears as the dip immediately above the trailing
edge. Figure 7b also indicates that computational “wiggles” (Roache [33]) have
developed in the solution near the airfoil trailing edge. The wiggles evolved due to
the maintenance of zero vorticity at the airfoil trailing edge. This restriction was
eventually removed and the wiggles died out. Laminar separation occurred on the

FiG. 6. Coordinate system—Gottingen 625 airfoil, attraction to body.
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—am D, I et
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Fic. 8. Velocity profiles—Gottingen 625 airfoil; 8 = 5°, R = 2000, + = 1.83.

trailing edge portion of the upper surface at a time of ¢+ = 0.658 (Fig. 7b). The
separation point moved rapidly upstream to the half-chord location accompanied
by an increase in the thickness of the separated region (Fig. 7c). The separated region
is clearly indicated in the velocity profiles in Fig. 8. Sample pressure distributions
at two times are shown in Fig. 9. The distributions and resulting force coefficients are
characteristic of friction dominated flows (Fig. 9a) and pressure losses due to flow
separation as evidenced by Fig. 9b.

3. Cambered rock. To illustrate the ability of the body-fitted coordinate method
to handle quite arbitrary geometries, the viscous flow about the cambered rock was
developed at a Reynolds number of 500. The body-fitted coordinate system utilized
for this solution is shown in Fig. 10. Vorticity and {-contours are given in Fig. 11,
and velocity profiles are shown in Fig. 12. Although the accuracy of these calculations
is not likely to be tested by experimental results, the flow produced by the numerical
computations appears intuitively reasonable. In particular, the continued separation
and reattachment which occurred in the concave regions of the body developed in a
totally realistic and believable fashion.
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Fig. 10. Coordinate system—Cambered rock, attraction to body.

4. PoTENTIAL FLOW SOLUTION

A. Laplace Equation

The two-dimensional irrotational flow about any number of bodies may be described
by the Laplace equation for the stream function

boe + Py =0 (10)
with boundary conditions

J(x, y) = constant on each body,
P(x, y) = ycos 8 — xsin 0 at infinity,
where 8 is the angle of attack of the free stream relative to the positive x-axis. Here the

stream function is nondimensionalized relative to the airfoil chord and the freestream
selocity. When transformed to the curvilinear coordinate system this equation becomes

O‘ll‘ff - 23‘!’5" + 7¢nn + J2[Q(§’ 77) l/111 + P(f, 77) lpf] =0 (1 1)

581/24/3-4
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= 0.35.

t

¥ and w contours—Cambered rock

FiG. 11,

Lt = 1.2

FiG. 12. Velocity profiles—Rock, R = 5
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where o, B, v, and J are given above, and the transformed boundary conditions are,
for a single body, ‘

W(E n) = o onn = (ie, on IN*), (12a)
Y€, ) = (&, mo) cos 8 — x(€, n,) sin 0 onn = 7, (ie., on Ip*). (12b)

The uniqueness is implied by requiring that the solution be periodic in
—0 < <o,y < <. o B, y, and J are calculated during the generation
of the coordinate system. Equation (11) is approximated using second-order, central
differences for all derivatives, and the resulting difference equation is solved by
accelerated Gauss—Seidel (SOR) iteration on the rectangular transformed field.

The solution of (11) on the transformed field is constructed in the same manner
that has been previously described for the solution of (2). The single equation (11)
replaces the two equations (2a) and (2b), and the boundary conditions are given by
(12). The total number of difference equations thus is I(J — 1) for a single airfoil.

B. Velocity

The velocity components are calculated from the equations u = ¢, , v = —i,,
which in the transformed plane become,

U= (x5¢n - xnﬂl’f)/J’ (133)
v = (yetn — yuiplJ. (13b)

Velocities in the interior of the field may be obtained from these relations using
second-order central difference expressions for all derivatives as given above.

On the body surface, , = 0, so that these expressions reduce to u = x,/J and
v = yub,/J. Also, the unit tangent vector on the body surface is given by (see [28])

T = (ix; + jy)/y'/~ 14

Then the velocity component tangential to the surface is given by

ve =V % = (ux; +oy)ly'? = (P2T) 4, . (15)

On the surface, the &-derivatives are approximated by the second-order central differ-
ence expressions given above, as in the interior of the field, at all points except those
on the cut, i = 1 and i == I, where second-order one-sided expressions are used.
Thus

(fohra = H(—faua + 421 — 310 (16a)
(fe)l,l = %(fl—z,l — 4f1—1.1 =+ 3f1.1)- (16b)
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The n-derivatives on the surface are approximated at all points by second-order
one-sided expressions. (First- and third-order expressions were also evaluated [34])

(Jodix = $(~fia + 412 — 3fi1) (17)

C. Kutta Condition

The value of the boundary value of ¢ on the body, i, , is determined by imposing
the Kutta condition that the flow leave the sharp trailing edge of an airfoil smoothly.
For a cusped trailing edge (zero included angle) this condition requires only that the
velocity approach the same value at the trailing edge on the upper and lower surfaces
of the airfoil. For a trailing edge with finite included angle it is required that the
trailing edge be a stagnation point. It was found, however, that the requirement
that the same limit be approached at the trailing edge on the upper and lower surfaces
was superior numerically with both types of trailing edges [34]. This limit condition
was also applied by Giesing [6] as the Kutta condition with a finite trailing edge in the
potential flow solution using superposition of singularities.

In the present solution the Kutta condition thus was applied by requiring that the
value of the velocity component tangential to the body surface extrapolated quadra-
tically at the trailing edge from neighboring points on the upper surface be equal to
that extrapolated from neighboring points on the lower surface. Linear and cubic
extrapolations were also evaluated [34], as well as the simple requirement that the
velocity vanish at the trailing edge. This application of the Kutta condition is as
follows. (Here superscript 0 refers to the trailing edge, and the other superscripts to
successively distant neighboring points on the body surface as illustrated in Fig. 13.
These points are, of course, equispaced in the transformed plane.)

(14) _ p2H) = (0 — 2pl-) _ pl2-)
20! o) = pi 20y v, (18)

3+

Fic. 13. Extrapolation points for application of Kutta Condition.

D. Superposition of Solutions

Since the system to be solved is linear in ¢, the solution for a single airfoil at any
angle of attack may be obtained by superposing three component solutions: (1) a
solution at 0° angle of attack with no circulation, (2) a solution at 90° angle of attack
with no circulation, and (3) a solution with circulation but zero freestream velocity
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as done by Giesing [6]. These three component solutions, written $*(¢€, 5),i = 1,2, 3,
each satisfy Eq. (11), with the respective boundary conditions

$ — i=1-1 (19a)
¢fl’,_ Vit i=1-1, (19b)
& =0, i=1-1 (20a)
P = —x;y, i=1-1, (20b)
P& = i=1-1 (21a)
,‘.?}: \ i=1-1 (21b)

The complete solution with arbitrary circulation then is

P&, m; A) = PO(E, m) cos 0 + (¢, m) sin 0 + AP(E, 7). 22)

The Kutta Condition is then satisfied by choosing the coefficient A such that (18) is
satisfied, the tangential velocities being given by Eq. (15) with ¢ from Eq. (22),
using a one-sided difference expression analogous to Eq. (17) for the n-derivative.

Thus it is only necessary to solve the system of difference equations three times for
a given airfoil. The solution at any angle of attack may then be obtained without
resolving the difference system.

]

Afrfoil #1 Airfoll #2

Fic. 14. Coordinate systems, Karman-Trefftz airfoils.
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Fic. 15. Comparison of numerical and analytical solutions—Flapped Karman-Trefftz airfoil

(Solid line is analytical; symbols are numerical.)
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E. Surface Pressure and Force Coefficients

The pressure coeflicient at any point in the field may be obtained from the velocities
via the Bernoulli equation, which in the present nondimensional variables is

C,=1—|v]2 (23)
On the body surface this becomes, from (15),
Cp =1— )¢ 29

with the derivative evaluated by the difference expression (17). The nondimensional
force on the body is given by (9) with zero w.

% Y { 4”‘{"‘«'-
/ 5 newd
b by Y1
¢

..

J ™
AT
.'-u

Fig. 17. Coordinate system—Liebeck laminar airfoil.
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The integrals can be evaluated by numerical quadrature using either the trapezoidal
rule or Simpson’s rule, both of which were evaluated during the course of the investi-
gation [34]. The former was found to be sufficient

I-1
§SdE = Wha+ i) + L fua- (25)

F. Results

An extensive study was made to determine the effects of the various parameters
involved on the accuracy of the numerical solution [34). Numerical results for the lift
and drag coefficients, the surface pressure distribution, and the stream function
contours for two Karman-Trefftz airfoils were compared with the analytic solutions
[35] using several values for each of the parameters that must be chosen in the
numerical solution.

Coordinate systems for these two airfoils are given in Fig. 14 and typical com-
parisons with the analytic solution are given in Figs. 15 and 16. A comparison of the
potential flow solution with experimental results for a Liebeck laminar airfoil [36]
is also given in Fig. 18, the coordinate system being given in Fig. 17.

-4.00

" [CIEBECK LAMINAR AIRFOIL|
J|— NumEericaL

m TEST DATA (36)

-3.00

-2.00

~ PRESSURE COEFFICIENT

Cp

L : H i : : :
0.00 0.25% 0.50 0.75 1.00
X/C - DIMENSIONLESS CHORD

Fic. 18. Comparison of experimental and numerical potential flow results—Liebeck laminar
airfoil.
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5. CONCLUSIONS

The use of body-fitted curvilinear coordinate systems allows numerical flow
solutions for fields containing any number of bodies of arbitrary shape to be produced
by finite-difference methods essentially as easily as that about single simple bodies.
The computer code is not dependent on either the number or the shapes of the bodies,
so that different bodies can be treated by simple changes in the input.

The ability of the coordinate system method to compact the radial mesh spacing
near the body allowed solutions to the viscous flow equations in which accurate
pressure and force coefficients could be calculated. The approach of iterating for the
boundary vorticity to explicitly enforce the no-slip condition, along with the inherent
stability of implicit methods, permitted solutions at moderate Reynolds numbers.
Minor improvements in the boundary vorticity iteration should result in accurate
solutions up to the transition Reynolds number for a given flow. Recent progress
has been made in this area. The body-fitted coordinates are currently being used to
obtain solutions of turbulent flows, transonic flows, and flows with free surfaces.
The procedure is also applicable to fields with more than one body, and viscous
solutions for multiple airfoils are presently under development.
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